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^ , §1. Introduction 

[ Novikov algebras were introduced in connection with the Poisson brackets of hydrodynamic 

', type OEHS] and Hamiltonian operators in the formal variational calculus |12[ 121]. The theoretical 

\ study of Novikov algebras was started by Zel'manov [31] and Filipov |11) . But the term "Novikov 

^ , algebra" was first used by Osborn [19]. The left multiplication operators of a Novikov algebra form a 

1 I . Lie algebra. Thus, it is effective to relate the study of Novikov algebras to the theory of Lie algebras 
^ , [3]. Novikov algebras are a special class of left-symmetric algebras (or under other names such as 

í> • pre-Lie algebras, quasi-associative algebras and Vinberg algebras), arising from the study of afíine 
' manifolds, afíine structures and convex homogeneous cones [21 [T5| I20j . Left-symmetric algebras 
' have close relations with many important fields in mathematics and mathematical physics, such 
as infinite-dimensional Lie algebras [31 [9], classical and quantum Yang-Baxter equation [101 113j . 
O ■ quantum field theory [7] and so on. 

T— I ■ Novikov-Poisson algebras were originally introduced by Xu [211 [22] motivated by studying sim- 
ï> ple Novikov algebras and irreducible modules. Every Novikov-Poisson algebra with associative 
^ ' commutative unity can be constructed from an associative commutative derivation algebra. That 
there exists a relationship between associative commutative derivation algebras and Novikov alge- 
bras was also pointed out in |12j . Infinite-dimensional Novikov algebras over an algebraically closed 
field of characteristic were classified in |23j under some restrictions on the structure of right and 
left multiplication operators. It turned out that such Novikov algebras are Novikov-Poisson algebras 
and are obtained from associative commutative differentially simple algebras with unity. While it 
was proved in [32\ that a Novikov algebra is simple over a field of characteristic not 2 if and only 
if its associative commutative derivation algebra is differentially simple. 

A quadratic Novikov algebra, introduced in [6l [33], is a Novikov algebra with a symmetric 
nondegenerate invariant bilinear form. The motivation for studying quadratic Novikov algebras 
came from the fact that Lie algebras or associative algebras with symmetric nondegenerate invariant 
bilinear forms have important applications in several areas of mathematics and physics, such as the 
structure theory of finite-dimensional semisimple Lie algebras, the theory of complete integrable 
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Hamiltonian systems and the classification of statistical models over two-dimensional graphs. 

Hom-Lie algebras were initially introduced by Hartwig, Larsson and Silvestrov in |14) motivated 
by examples of deformed Lie algebras coming from twisted discretizations of vector fields. This 
kind of algebras includes Lie algebras as a subclass in which the twisting map is the identity map. 
As generalizations of Hom-Lie algebras, quasi-hom-Lie algebras |16] . Hom-Lie superalgebras [1] and 
Hom-Lie color algebras [30] were introduced, respectively. Both the Hom-Lie superalgebras and 
Hom-Lie color algebras are special cases of the quasi-hom-Lie algebras. There has been a lot of 
progress in the study of Hom-Lie algebras (see e.g., [Ml ESl [261 127]). 

Hom-associative algebras generalizing associative algebras to a situation where associativity 
law is twisted by a linear map were introduced in |18] . It is well known that there is always a 
Lie algebra associated to an associative algebra via the commutator bracket. An analogous result 
holds for Hom-associative algebras, i.e., the commutator bracket multiplication defined by the 
multiplication in a Hom-associative algebra leads naturally to Hom-Lie algebras. This result was 
also extended to the Hom-Lie superalgebra [1] and the Hom-Lie color algebra [30] cases. 

FoIIowing the patterns of Hom-Lie algebras and Hom-associative algebras, Yau in [28] introduced 
Hom-Novikov algebras, in which the two defining identities are twisted by a linear map. It turned 
out that Hom-Novikov algebras can be constructed from Novikov algebras, commutative Hom- 
associative algebras and Hom-Lie algebras along with some suitable linear maps. Later, Yau in |29] 
defined a Hom-Novikov-Poisson algebra as a twisted generalization of Novikov-Poisson algebras. 

In the present paper, we consider both Hom-Novikov algebras and Hom-Novikov-Poisson al- 
gebras. In Section 2, we summarize some definitions including Novikov algebras, Novikov-Poisson 
algebras, Hom-associative algebras, Hom-Lie algebras, Hom-Novikov algebras and Hom-Novikov- 
Poisson algebras and related results. 

In Section 3, we focus on Hom-Novikov algebras. We establish the relationships between Hom- 
Novikov algebras and Hom-Lie algebras as well as the relations between Hom-Novikov algebras and 
Novikov algebras. AIso, we provide a construction of Hom-Novikov algebras from a commutative 
Hom-associative algebra together with a suitable linear map but not a derivation. 

In Section 4, we extend the notion of quadratic Novikov algebras to quadratic Hom-Novikov 
algebras, which are Hom-Novikov algebras with a symmetric nondegenerate bilinear form satisfying 
equation (|4.3p . We reduce the case where the twisting map is an automorphism or an involution 
to the study of the relationships between quadratic Hom-Novikov algebras and quadratic Novikov 
algebras as well as the relations between quadratic Hom-Novikov algebras and quadratic Hom-Lie 
algebras. 

In Section 5, we study Hom-Novikov-Poisson algebras. We prove that the tensor of two Hom- 
Novikov-Poisson algebras is still a Hom-Novikov-Poisson algebra. In addition, we give a way to 
construct Hom-Novikov-Poisson algebras by using a commutative Hom-associative algebra along 
with a derivation, generalizing a construction in Novikov algebra case due to Dorfman and Gel'fand, 
in Novikov-Poisson algebra case due to Xu and in Hom-Novikov algebra case due to Yau. Finally, 
we provide some interesting examples. 

Throughout this paper, F denotes a field of characteristic zero. AII vector spaces and tensor 
products are assumed to be over F, except where otherwise indicated. 
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§2. Preliminaries 



In this section, we summarize some definitions concerning Novikov algebras and Hom-algebras, 
and related results. For detailed discussions and examples we refer the reader to the hteratures, 
for instance, [H [JHl [2ll [22l [28l [29] and references therein. 

Definition 2.1 A Novikov algebra {A, fi) is a vector space with a bilinear product fj, : AxA — > A 
satisfying 

{xy)z = {xz)y, (2.1) 
{xy)z-x{yz) = {yx)z -y{xz), (2.2) 

for ah x,y, z £ A, and where /i(x, y) = xy. 

In the sequel, for simphcity, we often write xy instead of ^{x, y) since confusion rarely occurs. 
Note that Novikov algebras are a special class of left-symmetric algebras with only equation (|2.2p 
satisfied. Define an associator on A by 

a{x, y, z) = {xy)z — x{yz), for ah x,y, z £ A. 

Then equation (j2.2p is equivalent to 

a{x, y, z) = a{y, x, z), for ah x,y, z £ A. 

In other words, the associator is symmetric in x, y, from which the left-symmetric algebra takes its 
name. 

The commutator of a Novikov algebra (or a left-symmetric algebra) A 

[x, y] = xy — yx, for ah x,y £ A, 

defines a Lie algebra Lie{A), which is called the sub-adjacent Lie algebra of A. Hence both Novikov 
algebras and left-symmetric algebras are Lie-admissible algebras. 

In order to estabhsh tensor theory of Novikov algebras, Xu in [22] introduced Novikov-Poisson 
algebras, which play important roles in the study of simple Novikov algebras. 

Definition 2.2 A Novikov-Poisson algebra is a vector space A with two operations • and * such 
that {A, ■) forms a commutative associative algebra and {A, *) forms a Novikov algebra for which 

{x ■ y) * z = x-{y*z), (2-3) 
{x * y) ■ z — X * {y ■ z) = {y * x) ■ z — y * {x ■ z), (2.4) 

for all x,y, z £ A. 

For an endomorphism of a Novikov-Poisson algebra {A, ■,*), we mean a hnear map a : A — > A 
preserving the two operations, i.e., 

a{x ■ y) = a{x) ■ a{y), a{x * y) = a{x) * a{y), for all x,y £ A. 
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The notion of Hom-Lie algebras was initially introduced by Hartwig, Larsson and Silvestrov 
in|14j motivated by examples of deformed Lie algebras coming from twisted discretizations of vector 
fields. A slightly more general definition of Hom-Lie algebras was given by Makhlouf and Silvestrov 
in |18] . where the Hom-associative algebras were also introduced. 

Definition 2.3 A Hom-Lie algebra is a triple (L, [•,•], a) consisting of a vector space L, a biUnear 
map [•, •] : L X L — > L and a linear map a : L — t- L satisfying the fohowing two conditions 

[x,y] = —[y,x], (skew-symmetry) 

[[x, y], «(z)] + [[z, x], «(y)] + [[ï/, z], «(x)] = 0, (Hom-Jacobi identity) 
for all x,y, z € L. 

Clearly, Lie algebras are spacial classes of Hom-Lie algebras when a is the identity map. If 
the hnear map a is an algebra homomorphism with respect to the bracket [•,•], then the Hom-Lie 
algebras are a spacial case of quasi-hom-Lie algebras [ISj^ Moreover, ah these classes are special 
cases of the more general quasi-Lie algebras [17] , in which Lie color algebras and in particular Lie 
superalgebras are also included. 

Definition 2.4 A Hom-associative algebra is a triple {V, /i, a) consisting of a hnear space V, a 
bihnear map : V x V — > V and a hnear map a : V — > V satisfying 



We say that a Hom-associative algebra {A, /i, a) is commutative if xy = yx holds for all x,y A. 
The fohowing result provides a construction of Hom-Lie algebras from Hom-associative algebras, 
extending the fundamental construction of Lie algebras from associative algebras via commutator 
bracket multiphcation. 

Proposition 2.5 (see |18l Proposition 1.6]) To any Hom-associative algehra defined by a multi- 
plication /i and a linear map a over an ¥-linear space V, one may associate a Hom-Lie algebra 
defined by the bracket 



Fohowing the patterns of Hom-Lie algebras and Hom-associative algebras, Yau in[28j introduced 
a twisted generahzation of Novikov algebras, cahed Hom-Novikov algebras. 

Definition 2.6 A Hom-Novikov algebra is a triple {A, /i, a) consisting of a vector space A, a 
bihnear map : A x A — > A and an algebra homomorphism a : A — > A satisfying 



a{x){yz) = {xy)a{z), for ah x,y,z £ A. 



[x, y] = xy — yx, for all x,y £ V. 



{xy)a{z) 
{xy)a{z) - a{x){yz) 



{xz)a{y), 

{yx)a{z) - a{y){xz). 



(2.5) 
(2.6) 



for all x,y, z £ A. 
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Clearly, Novikov algebras are examples of Hom-Novikov algebras by setting a = id, where 
id is the identity map. It was shown in [28] that any Novikov algebra can be deformed into a 
Hom-Novikov algebra afong with an algebra endomorphism. 

Proposition 2.7 (see \2S\ Theorem 1.1] ) Let (A, fi) be a Novikov algebra and a : A — > A be an 
algebra homomorphism. Then {A, ao n,a) is a Hom-Novikov algebra, where o denotes composition 
of functions. 

Similar to Hom-Novikov algebras, Yau in [29] introduced Hom-Novikov-Poisson algebras. 

Definition 2.8 A Hom-Novikov-Poisson algebra is a quadruple {A,-,*,a), where ^ is a vector 
space, • and * are bihnear maps and a is an algebra homomorphism of A, such that {A, *, a) forms 
a Hom-Novikov algebra, {A, - ,0) forms a commutative Hom-associative algebra and the following 
two compatible conditions hold: 

{x ■ y) * a{z) = a{x)-{y*z), (2-7) 
{x * y) ■ a{z) — a{x) * {y ■ z) = {y * x) ■ a{z) — a{y) * {x ■ z), (2-8) 

for ah x,y,z £ A. 

We can recover Novikov-Poisson algebras from Hom-Novikov-Poisson algebras when a = id. 
Some more interesting examples of Hom-Novikov-Poisson algebras will be constructed in Section 5. 

§3. Hom-Novikov algebras 

In this section, we estabhsh the relationships between Hom-Novikov algebras and Novikov 
algebras as well as the relations between Hom-Novikov algebras and Hom-Lie algebras. Also, we 
provide a construction of Hom-Novikov algebras from a commutative Hom-associative algebra afong 
with a suitable hnear map but not a derivation. Thus, it is different from that given in [28]. 

Just as a Novikov algebra can be deformed into a Lie algebra via the commutator bracket, we 
have the similar result for Hom-Novikov algebras and Hom-Lie algebras, because in Hom-Novikov 
algebras hold Jacobi-hke identities. 

Proposition 3.1 Let {A,iJ,,a) be a Hom-Novikov algebra. For all x,y,z G A, one has 

[x,y]a{z) + [y,z]a{x) -^[z,x]a{y) = 0, (3.1) 
Oi{x)[y,z]-^a{y)[z,x]-^a{z)[x,y] = 0, (3.2) 

where ii{x, y) = xy and [x, y] = xy — yx. 

Proof. For ah x,y,z E A, we have 

[x,y]a{z) = {xy)a{z) - {yx)a{z), 
[y,z]a{x) = {yz)a{x) - {zy)a{x), 
[z,x]a{y) = {zx)a{y) - {xz)a{y). 
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Since equation ()2.5p holds for all x,y,z S we have 



[x,y\a{z) + [y,z]a{x) + [z,x]a{y) 

{{xy)a{z) - {xz)a{y)) + {{yz)a{x) - {yx)a{z)) + ((zx)a(y) - {zy)a{x 



)) 



= 0, 



which proves equation (I3.ip . Now using equations (I2.6p and ()3.ip . we have 



a{x) [y, z] + a{y) [z, x] + a{z) [x, y] 
= a{x){yz) - a{x){zy) + a{y){zx) - a{y){xz) + a{z){xy) - a{z){yx) 
= {a{x){yz) - a{y){xz)) + {a{y){zx) - a{z){yx)) + {a{z){xy) - a{x){zy)) 
= {{xy)a{z) - {yx)a{z)) + {{yz)a{x) - {zy)a{x)) + {{zx)a{y) - {xz)a{y)) 
= [x, y]a{z) + [y, z]a{x) + [z, x]a{y) 
= 0, 



Then HLie{A) = {A, [■, •],q;) is a Hom-Lie algebra with the same twisting map a. 

The Lie admissible algebras were introduced by A.A. Albert in 1948. Makhlouf and Silvestrov 
in [18] extended the notions and results about Lie admissible algebras to Hom-algebras, called 
Hom-Lie admissible algebras. According to Corollary 13.21 any Hom-Novikov algeba is Hom-Lie 
admissible with the same twisting map. We call such a Hom-Lie algebra HLie{A) the sub-adjacent 
Hom-Lie algebra of the Hom-Novikov algebra {A,fi,a). 

Definition 3.3 Let {A, /i, a) be a Hom-Novikov algebra, which is called 

(i) regular if a is an algebra automorphism; 

(ii) involutive if a is an involution, i.e., q^ = id. 

Yau in [28J gave a way to construct Hom-Novikov algebras, starting from a Novikov algebra 
and an algebra endomorphism. In the following, we provide a construction of Novikov algebras 
from Hom-Novikov algebras along with an algebra automorphism. 

Proposition 3.4 // {A, fi, a) is an involutive Hom-Novikov algebra, then {A, a o ^) is a Novikov 
algebra. 



which proves equation ()3.2p and the proposition. 



□ 




A 



6 



Proof. For convenience, we write fi{x,y) = xy and x-ky = a{xy), for all x,y A. Hence, it needs 
to show 

{x-ky)-kz = {x-kz)-ky, (3-3) 

{x -k y) -k Z — X -k {y kc z) = {y -k x) k z — y -k {x k z), (3-4) 

for all x,y,z G A. Since a is an involution, we have 

{xk:y)kz = a{a{xy)z) = {a'^ {xy)^ a{z) = {xy)a{z). 

Similarly, we have {x k z) -k y = {xz)a{y), from which equation (j3.3p follows since {A,iJ.,a) is a 
Hom-Novikov algebra. Furthermore, using equation (12.60 . we have 

{x k y) -k z — x -k {y -k z) = a{a{xy)z) — a{xa{yz)^ 

= {xy)a{z) - a{x){yz) 

= {yx)a{z) - a{y){xz) 

= a{a{yx)z) — a{ya{xz)) 

= {y -k x) k z — y -k {x k z), 

which proves equation (|3.4p and the proposition. □ 

Proposition 3.5 If {A, /j,, a) is a regular Hom-Novikov algebra, then {A,[-, •]a-'í = Oi~^ o [•,•]) is 
a Lie algebra, where [x, y] = fj,{x, y) — fi{y, x) = xy — yx, for all x,y £ A. In particular, if a is an 
involution, then {A, [■, •]a = a o [•, •]) is a Lie algebra. 

Proof. For any x,y,z G A, we have 

[[x,y]a-i,z]a-i = [a'^{xy -yx),z]^-i 

= a~^ {a~^{xy — yx)z — za~^{xy — yx)) 
= a'"^ {{xy — yx)a{z) — a{z){xy — yx)) 



a 



-2 



{[x,y]a{z) - a{z)[x,y]). 



Similarly, we have 

[[y,z]a-i,x]a-i = a~'^{[y,z]a{x) - a{x)[y,z]), 
[[z,x]a-i,y]a-i = a~'^{[z,x]a{y) - a{y)[z,x]). 

Then it fohows from equations (|3.1|) and (|3.2p that 

[[x, , Aa-i + [[y^ , + [[z, x]„-i , y]„-i = 0. 

Clearly, [x,y] = —[y,x]. Since a~^ is an automorphism, we have 

[x,y]a-^ = -[y,x]a-í, 
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which proves that (A, [■, ■]q.-i) is a Lie algebra. It follows immediately that (A, [■, -Ja) is also a Lie 
algebra since a = when a is an involution. □ 

Let (A, fi) be a commutative associative algebra and D be a derivation of (A, ^). Then the new 
product 

x-kxy = xD{y) + Xxy, for all x,y & A, (3-5) 

makes {A,-k\) become a Novikov algebra for A = by Gel'fand and Dorfman [12J, for A € F by 
Fihpov [TT], and for a fixed element A € ^ by Xu [2T]. Yau [28] generahzed this construction 
to Hom-Novikov algebras (A, fi,a) in A = setting together with an additional condition that D 
commutes with a . It is natural to consider other type of hnear maps to replace the derivation D 
in (j3.5p . such that {A,-k\) forms a Novikov algebra or a Hom-Novikov algebra. 

Let {A, /i, a) be a commutative Hom-associative algebra with a hnear selfmap d commuting 
with a. Consider the following operation on A: 

x-ky = xd{y), for all x, y G (3-6) 

For all x,y,z S A, by straightforward calculation, we have 

{x-ky)-ka{z) = {xd{y))ka{z) 

= {xd{y))d{a{z)) 

= {xd{y))a{d{z)) 

= a{x){d{y)d{z)). 



{xd{z)) -k a{y) 
{xd{z))d{a{y)) 
{xd{z))a{d{y)) 
a{x){d{z)d{y)) 
a{x){d{y)d{z)), 

where both commutativity and Hom-associativity of {A, /x, a) are used. Hence, we have 

{x-k y) k a{z) = {x k z) -k a{y). 

Similarly, we have 

{xky)k a{z) — a{x) k {yk z) = a{x){d{y)d{z)) — a{x)d{yd{z)), (3.7) 

and 

{ykx)k a{z) — a{y) k {xk z) = a{y){d{x)d{z)) — a{y)d{xd{z)). (3.8) 



and 



{xk z) k a{y) 
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If, in addition, d satisfies the following condition 

d{xd{y)) = d{x)d{y), for all x,y ^ A. 



(3.9) 



Then it follows from equations (13. 7p and (13. Sp that 

{x-ky) -k a{z) — a{x) -k {y -k z) = {y-kx)-k a{z) — a{y) * (x ★ z) = 0. 
Now from the discussions above, we obtain 

Theorem 3.6 Let {A, /u, a) be a commutative Hom-associative algehra with a linear selfmap d 
satisfying equation IÍ3. 9\) and commuting with a. Then {A,k,a) is a Hom-Novikov algebra, where 
* is defined by /Í3. 6\) . 

We have the following corollary by setting a = id in the theorem. 

CoroUary 3.7 Let {A, fi) be a commutative associative algebra with a linear selfmap d satisfying 
condition IÍ3.9\) . Then {A,*) is a Novikov algebra in which k is defined by IÍ3. 6\) . 

Example 3.8 Let (^ = ® Ai,^) be a complex superalgebra, where = C[í,í~-^] is the 
Laurent polynomials in one variable and = 9C[t,t~^] in which is the Grassman variable 
satisfying O'^ = 0. We assume that t commutes with 6. The generators of A are of the form í" and 
9t" for all n € Z. Then ^ is a commutative associative superalgebra under the usual multiplication. 
Define a linear map d : A — > A by 

a(r + 9^^) = í", for aU m, n G Z. (3.10) 

It is easy to check that d satisfies condition (j3.9p . According to CoroUarv 13.71 (^,*i) is a Novikov 
algebra, where the operation *i is defined by 

(í"l + 0Í'"1) *1 (í"2 + gt"^2^ = + ^^"^1)9(^2 + 0í"2) = í"l+"2 + 0í"^l+"2^ 

for all ni,n2,mi,m2 € Z. 

Purthermore, define an algebra endomorphism a on ^ by 

q(í" + 9^^) = {t + c)", for ah m, n € Z, 

where c is a fixed element in C. Then {A, ao ^,a) is a commutative Hom-associative algebra. For 
convenience, we write • instead oi ao ji, then we have 

for ah ni,n2,mi,m2 € Z. Let d be as defined by ()3.10p . Clearly, d commutes with a. Moreover, 
we have 

a((ri + 9^^') ■ a(í"2 + 9^^^)) = {t + c)"i+"2, 



9 



and 

a(í"i + 0í™i) . d{e^ + et""^) = {t + c)"i+"2. 

Hence, d satisfies condition (j3.9p . Define a new bilinear operation on A by 

for all ni,n2,mi,m2 € Z. Then {A,-k2,a) forms a Hom-Novikov algebra by Theorem 13.61 

§4. Quadratic Hom-Novikov Algebras 

In this section, we extend the notion of quadratic Novikov algebra to quadratic Hom-Novikov 
algebras and provide some properties. 

Recall that a quadratic Lie algebra is a triple {Q, [•,•], S), where {G, [•,•]) is a Lie algebra and 
B : G X Q — y F is a symmetric nondegenerate bilinear form satisfying 

B{[x,y],z) = B{x,[y,z]), for all x, y, z G (4.1) 

which is cahed the invariance oi B. It is easy to see that identity (j4.ip is equivalent to 

B{[x, y],z) = -B{y, [x, z]), for all x,y,z £ Q. 

Assume that {A, /i) is a Novikov algebra. A bihnear form B : A x A — > F is said to be invariant 
or associative if and only if 

B{xy, z) = B{x, yz), for all x,y, z £ A. 

A Novikov algebra {A, /x) with a symmetric nondegenerate invariant bihnear form is called a 
quadratic Novikov algehra and denoted by {A,^,B). 

Benayadi and Makhlouf in [5j extended the notion of quadratic Lie algebra to Hom-Lie algebras 
and obtained quadratic Hom-Lie algebras. 

Definition 4.1 A quadratic Hom-Lie algebra is a quadruple {A, [■, •],«, i?) such that {A, [■, ■],oi) 
is a Hom-Lie algebra with a symmetric invariant nondegenerate bihnear form B satisfying 

B{a{x),y) = B{x, a{y)), for ah x,y € A. (4.2) 

We can define quadratic Hom-Novikov algebras as follows. 

Definition 4.2 A quadratic Hom-Novikov algebra {A, /i, a, B) is a Hom-Novikov algebra {A, /U, a) 
with a symmetric nondegenerate bihnear form satisfying 

B{xy, a{z)) = B{a{x),yz), for all x, y, z G (4.3) 

We recover quadratic Novikov algebras when a = id. The fohowing result says the sub-adjacent 
Hom-Lie algebra of a quadratic Hom-Novikov algebra is also quadratic. 
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Proposition 4.3 Let {A, a, B) be a quadratic Hom-Novikov algehra and HLie{A) = {A, [-,■], a) 

he the sub-adjacent Hom-Lie algehra of A. If a is an automorphism satisfying 

B{a{x),y) = B{x,a{y)), for all x,y e A. (4.4) 

Then {A, [■, ■],a, Ba) is a quadratic Hom-Lie algehra, where Ba{x, y) = B{a{x),y), for all x,y £ A. 

Proof. Since B is a nondegenerate bilinear form and a is an automorphism, Ba is a nondegenerate 
bilinear form on A. For all x,y,z £ A, using the properties of B, we have 

Ba{[x,y],z) = B{a{[x,y]),z) 
= B{[x,y],a{z)) 
= B{xy,a{z)) - B{yx,a{z)) 
= B{a{x),yz) — B{a{x), zy) 
= B{a{x),[y,z]) 
= Ba{x,[y,z]). 

Hence B^ is invariant. Using symmetry of B and equation (j4.4p . we have 

Ba{x,y) = B{a{x),y) = B{y,a{x)) = B{a{y),x) = Ba{y,x), 

which proves B^ is symmetric. Using equation (14. 4p again, we have 

Ba{a{x),y) = B{a{a{x)),y) = B{a{x),a{y)) = Ba{x,a{y)), 

which completes the proof. □ 

CoroUary 4.4 Let {A, /i, B) he a quadratic Novikov algehra with an automorphism a satisfying 
equation Ii4.4\ ) ^^^^^ (-^) [') "]) ^e the suh-adjacent Lie algebra. Then {A, [■, •]« = ao [•, •], a, B^) forms 
a quadratic Hom-Lie algehra, where Ba{x,y) = B{a{x),y), for all x,y £ A. 

Proof. It follows from [25\ Corollary 2.6] that {A, [■, •]«,«) is a Hom-Lie algebra. Using the similar 
arguments as those in the proof of Proposition l4.3j we get Ba is a symmetric nondegenerate bilinear 
form with equation (j4.2p satisfied. It remains to show that B^ is invariant. For all x,y,z € A, 
using invariance and symmetry of B, we have 

Ba{[x,y]a,z) = B{a{[x,y]a),z) 

= B{[x,y]a,a{z)) 

= B{a{x)a{y), a{z)) — B{a{y)a{x),a{z)) 

= B{a{x), a{y)a{z)) — B{a{z)a{y),a{x)) 

= B{a{x),[y,z]a) 

= Ba{x,[y,z]a), 

which proves the invariance of B^ and the result. □ 
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Proposition 4.5 Let {A, fi, a, B) be a quadratic Hom-Novikov algehra, where a is an involution 
satisfying equation ^.4\ )- Then {A,-*: = a o fi, B) is a quadratic Novikov algehra. 

Proof. {A, * = a o /i, a) is a Hom-Novikov algebra by Proposition 13.41 It sufíices to show that B 
is invariant under the operation -k. For all x,y,z G A, we have 

B{x,y-kz) = B{x,a{y)a{z)) = B{a{x),yz) = B{xy,a{z)) = B{a{x)a{y), z) = B{x-ky,z), 

which completes the proof. □ 

Proposition 4.6 Let {A, fi, a, B) be a quadratic Hom-Novikov algebra, where a is an automor- 
phism satisfying equation Then, {A,-k = ao ^,a^ , B^^) is a quadratic Hom-Novikov algebra, 

where B^2{x, y) = B{a^{x),y), for all x,y £ A. 

Proof. It follows from [291 Corollary 2.12]) that {A,ao ^,a^) forms a Hom-Novikov algebra. Since 
i? is a nondegenerate bilinear form on A and a is an automorphism, i?^2 is a nondegenerate bilinear 
form. For all x,y,z G A, using the hypothesis, we have 

Ba^{x,y) = B{a^{x),y) = B{a{x),a{y)) = B{x,a^{y)) = B{a^{y),x) = B^2{y,x). 
Thus, B^2 is symmetric. Moreover, we have 

B^2{a^{x),y k z^ = B {a^ {x) , a{y)a{z)^ 
= B{a\x),a\y)a\z)) 
= B{a^{x)a^{y),a^{z)) 
= B {a{x)a{y) , a^ {z)) 
= Ba2{x -k y^a'^^z)) , 

which proves the invariance of B^2 and the proposition. □ 

CoroUary 4.7 Let {A, fJ,,a,B) be a quadratic Hom-Novikov algehra and a be an automorphism 
satisfying equation ^4-4\ )- Then (^, a" o^, a"+^, i3^„+i) is a quadratic Hom-Novikov algebra, where 
B^n+i {x, y) = B{a'^~^^{x),y), for all n > and x,y £ A. 

Let {A, li, a) be a Hom-Novikov algebra, whose center is denoted by Z{A) and defined by 

Z{A) = {x G A\xy = yx = 0, for all y G A}. 

Let {Q, [■, •],/?) be a Hom-Lie algebra. The lower central series of G is defined as usual, i.e., = Q, 
Q"''^^ = [Q,Q^\ for ah i > 1. We call Q is i-step nilpotent if Q'^^^ = 0. The center of the Hom-Lie 
algebra is denoted by C{Q) and defined by 

C{Q) = {x£ Q\[x,y] = 0, for ah y G Q}. 
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Proposition 4.8 Let {A, /i, a, B) be a quadratic Hom-Novikov algehra and HLie{A) be the sub- 
adjacent Hom-Lie algebra. If a is an automorphism, then [H Lie{A) , H Lie{A)] C Z{A). As a 
consequence, HLie{A) is 2-step nilpotent. 

Proof. For all x,y,z,w G A, using equations ()2.5p . (j2.6p and (j4.3p . we have 

B{a{x)[y,z],a^{w)) = B^a'^^x),^^, z]a{w)) 

= B{a^{x), {yz)a{w) - {zy)a{w)) 

= B{a^{x),a{y){zw) - a{z){yw)) 

= B{a{x)a{y),a{zw)) — B{a{x)a{z),a{yw)) 

= B{{xy)a{z) - {xz)a{y),a'^{w)) 

= 0. 

Using the symmetry of B and equation (14. 3p . we have 

B{[y,z]a{w),a'^{x)) = B{a{x)[y, z^^a'^^w)) = 0, 

which imphes [y, z] C Z{A) since a is an automorphism and B is nondegenerate. Hence, we have 
[HLie{A),HLie{A)] Q Z{A). Obviously, Z{A) C C{HLie{A)). Then it follows that HLie{A) is 
2-step nilpotent. □ 

§5. Hom-Novikov-Poisson Algebras 

In this section, we discuss Hom-Novikov-Poisson algebras. We give different ways to construct 
Hom-Novikov-Poisson algebras and provide some interesting examples. 

The following result (see also \29\ Corohary 2.15])says that any Hom-Novikov-Poisson algebra 
can be constructed from a Novikov-Poisson algebra and an algebra endomorphism. 

Proposition 5.1 Let {A,fi,h') be a Novikov-Poisson algebra such that {A,u) is a commutative 
associative algebra and {A, /x) is a Novikov algebra. If a : A — > A is an algebra homomorphism. 
Then Aa = (»4,, ^jLa = d o ii,Va = a o v,oí) forms a Hom-Novikov-Poisson algebra. 

Proof. It follows that {A, /Xq, , a) is a Hom-Novikov algebra from Proposition 12.71 and {A, Va i a) is a 
Hom-associative algebra from [251 Corollary 2.6]. Clearly, {A,Va,a^ is commutative since a is an 
algebra homomorphism and {A, v) is commutative. By Definition 12.81 it sufíices to check conditions 
([221) and ([Z!8]) . For all x,y,z £ A, Using equation ([23]), we have 

Va{fJLa{x,y),a{z)) - fia{a{x) , Va{y , z)) = a o v {a o fi{x , y) , a{z)) - a o fi{a{x),a o v{y, z)) 

= ao ao v{ix{x, y),z) — ao ao fi{x, v{y, z)) 

v{ix{x,y),z) - fj,{x,v{y,z))^ 

{v{fi{y,x),z) - fi{y,v{x,z))^ 
a o v{a o /x(y, x),a{z)) — ao fi{a{y),a o v{x, z)) 

Va{Ha{y,x),a{z)) - fla{a{y),Va{x,z)), 



ao ao 



ao ao \v[ 
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which proves equation ()2.8p . Using equation (j2.3p . we have 

fia{i^a{x,y),a{z)) = ao n{aou{x,y),a{z)) 

= a o a o ii{v{x,y), z) 

= a o a o ^{x, fi{y, z)) 

= i^a{a{x),Ha{y,z)), 

which proves equation Íl2.7p and the result. □ 

Suppose that {Ai, fi^ ^u^) and {A2, fJ^ ^y"^) are Novikov-Poisson algebras. Define two operations 
(g) v'^ and js' ® fj? on Ai (8) A2 by 

(z^^ (g) (g) X2,yi (8) ^2) = i^^{xi,yi) i^^{x2,y2), (5.1) 

(/u^ (g) /i^)(xi (g) x2,2/i ® y^) = fJ^^xi^yi) ® i^^{x2,y2) + i^^{xi,yi) <3 tJ-'^{x2,y2), (5.2) 

forahxi, yi G ^i andx^, £ A^- Then (^i(g)^2, ^^®^^, í^"'^®!^^) forms a Novikov-Poisson algebra 
(cf.|2H [22]). Additionally, assume that a and /3 are algebra homomorphisms of {Ai, ij.^ ^u^) and 
{A2, fJ^ ^v"^), respectively. It follows from Proposition 15.11 that (^i , /U^ , z^^ , q) and (^2 , , , /3) 
are Hom-Novikov-Poisson algebras. Define a hnear map q (g /3 on ^i (g A2 by 

(q (g) /?)(x (g y) = a(x) (g /3(y), for all x G >li, y G ^2- (5.3) 

For all xi,yi G >li and a;2,y2 £ -42, we have 

(Q(g/3)(i/^ (g)z^^(a;i (g)X2,yi (8^2)) = (« <^ /3)(i^^(xi,yi) (g i/^(x2,y2)) 

= Q o i/i(xi,yi) (g /3 o z^2(x2,y2) 

= y\a{xi), a{yi)) (g i^^(/3(x2), /3(y2)) 

= {y^ ® ^'^^{a^xi) ® P{x2),a{yi) ® I3{y2)) 

= {v^ (g í/2) (a (g /3(a;i g) x^), Q g) /3(yi g) y^)) • 

Similarly, we have 

(q (g /3) (^^ (g /i^(xi (g X2, yi (g y^)) = (/í^ (g /^^) (« /3(xi (g x^), q /3(yi y^)) • 

Thus Q (g /3 is an algebra homomorphism of (^i (g A2, fJ^ ® u"^) ■ 

On the other hand, consider the fohowing two operations on Ai (g A2 '■ 

{i'l(S)ul){xi®X2,yi(^y2) = iJÍ{xi,yi) (S)uj{x2,y2), 

(/x^ (g/i^)(xi 0X2,^1 (g 2/2) = fJÍ{xi,yi)(^i^p{x2,y2) + i^l{xi,yi)®fj}{x2,y2), 
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for all xi,yi G Ai, X2,y2 £ A^- Then, we have 



[ui (g) (g) X2,yi (S> y^) 



vl{xi,yi) ® yl{x2,y2) 

a o v^{xi,yi) (g) /3 o ^"^{^1,^2) 

u^{a{xi),a{yi))®v'^{l3{x2),l3{y2)) 

{y^ ® u'^){a{xi) ® p{x2),a{yi) ® P{y2)) 

{u^ (g) u^){a(g) /3{xi(g)X2),a(g) P{yi(g)y2)). 



Similarly, we have 



{nl^ (g) iJ,l){xi (g) X2, yi (g) y^) 



{fi^ (g /i^) {a (g /3(xi X2), a (g /3(yi (g) y^)) • 



Now from the discussions above, we obtain 




{a^ f3)o (/i^ (g) fi^) = (f/ (g fx'^)a(g,[3; 

(a (^ /3) o (i/i (g) 2^2) = (j^i íy2^„^^. 



Then, according to Proposition 15.11 we have the following result (see also |29| Corollary 3.6]): 



We extend in the following the Yau's Theorem (see [28]) to the Hom-Novikov-Poisson alge- 
bra case. The following theorem gives a way to construct Hom-Novikov-Poisson algebras from a 
commutative Hom-associative algebra along with a derivation. 

Theorem 5.3 Let {A,-,a) be a commutative Hom-associative algebra and d be a derivation such 
that da = ad. Define a new operation on A by 



Then (A, a) forms a Hom-Novikov-Poisson algebra. 

Proof. It fohows from [281 Theorem 1.2] that {A,-k,a) is a Hom-Novikov algebra. We need to check 
the two compatible conditions (j2.7p and (j2.8p . For any x,y,z € A, we have 




x-ky = X ■ d{y), for all x,y £ A. 



(5.4) 



(x ■ y)-ka{z) 



(x^y) ■ d{a{z)) 
(x^y) ■ a{d{z)) 
a{x) ■ {y ■ d{z)) 
a{x) ■ {ykz). 
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which proves equation (\2.7\i . Furthermore, we have 

(x-ky) ■ a{z) — a{x) -k {y ■ z) = {x ■ d{y)) • a{z) — a{x) ■ d{y ■ z) 

= {x ■ d{y)) ■ a{z) - a{x) ■ {d{y) ■ z + y^ d{z)) 
= a{x) ■ {d{y) ■ z) - a{x) ■ {d{y) ■ z + y^ d{z)) 
= -a{x) ■ {y ■ d{z)) 
= -{x ■ y) ■ a{d{z)). 

Similarly, we have 

{y * x) • a{z) — a{y) * {x ■ z) = —{y ■ x) ■ a{d{z)). 

Since {A, •,«) is commutative, we get 

{x-ky) • a{z) — a{x) k {y ■ z) = {y -k x) ■ a{z) — a{y) k {x ■ z), 

which completes the proof. □ 

The following result is due to Xu |22j . 

Proposition 5.4 Let {A, ■, *) he a Novikov-Poisson algebra, such that {A, ■) is a commutative 
associative algebra and {A, *) is a Novikov algebra. Suppose that {A, ■) contains an identity element 
1, that is, 1 ■ X = X ■ 1 = X for all x A. Define a map d : A — > A by 

d{x) = l * X — {1 * 1) ■ X, for all x £ A. (5.5) 

Then d is a derivation of {A, ■). 

In the following, we give some examples of Hom-Novikov-Poisson algebras by using Theorem 
and Propositionl5. 



Example 5.5 Assume that {A,-,*) is a Novikov-Poisson algebra, where {A,^) is a commutative 
associative algebra with unity 1 and {A, *) is a Novikov algebra. Equation (j2.3p imphes that 

X • (1 * 1) = X * 1, for all X £ A. 

Since {A, ■) is commutative, we have 

d{x) = l*x — x*l, for all X G A, (5.6) 

in which d is defined by (|5.5|) . Let a be an algebra homomorphism of {A,^,*). Define a new 
multiphcation on A by 

X •y = a{x ■ y), for all x,y £ A. 

Then {A,*,a) is a commutative Hom-associative algebra. Obviously, a{\) = 1. As a consequence, 
a commutes with d. Furthermore, 5 is a derivation of {A, •) since it is a derivation of {A, ■) by 
Proposition 15.41 Now define a new operation on A by 

xky = X • d{y) , for SiW x,y £ A. 

Then, thanks to Theorem 15.31 (-^ï'j^jQí) is a Hom-Novikov-Poisson algebra. 
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Example 5.6 Let the ground field be the complex field C and A be a nonzero abelian subgroup 
of C. Suppose that / is a nontrivial homomorphism of A into the additive group of C. Consider a 
vector space A with basis {xa|a € A}. Fix an element q in A. Define a multiplication on A by 

Xa- Xb = Xa+b+q, for all a, 6 € A. 

Then {A, •) is a commutative associative algebra. Define a hnear map di : A — > A by 

di{xa) = f{a + q)xa, for all a G A. 

It is easy to check that di is a derivation of {A,-). Then we obtain a Novikov-Poisson algebra 
{A, •, *) with the operation * defined by 

Xa*Xb = Xa- di{xb) = f{b + q)xa+b+q, for ah a, 6 e A. 

Note that x^q is an identity element of {A, ■). Define another linear map : A — > A by 

d^^Xa) = * Xa — Xa * X-q, for all a € A. 

Then it follows from Proposition 15.41 and the discussions presented in Example 15.51 that is a 
derivation of {A, ■). 

Let a : A — > Ahe a linear map defined by 

a{xa) = e"'~^'^Xa, for all a G A. 

Then a is an algebra homomorphism of {A, ■, *) and a{x-q) = X-q. Moreover, a commutes with 
82- Define a new multiplication on A by 

Xa* Xb = a{xa ■ Xb), for all a, 6 G A, 

which makes {A,»,a) form a commutative Hom-associative algebra. AIso, 82 is a derivation of 
{A, •). Define a bilinear map -k on Ahy 

Xa* Xb = Xa» d^^Xb), for all a, 6 G A, 

To be more precise, we have 

Xa*Xb = e"+''+2''/(^ + q)xa+h+q, for all a, 5 e A. 
According to Theorem 15.31 {^,*,'^,'^) is a Hom-Novikov-Poisson algebra. 
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